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Abstract: We define an operator on the class .4 of analytic functions in the unit disk
U ={z :|z |<1} involving the polylogarithms functions and introduce certain new subclasses of
A using this operator. Some inclusion results, covering theorem, coefficients inequalities, and

several other interesting properties of these classes are obtained.
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INTRODUCTION

Let .4 denote the class of functions of the
form:

f)=z+Yaz" (1)

which are analytic in the wunit disk
U ={z :|z |<1}. For functions f given by (1)

and g(z)=z+>b,z* , let (f *g)(z) denote
k=2

the Hadamard product (or convolution) of
f(z)and g(z), defined by

(f *g)z)=z+Y ab,z". And for the
k=2

functions f (z)and g(z) in .4, we say that
f is subordinate to g in U/, and write f < g,

if there exists a Schwarz function w in .4 with
lw(z)|<1 and w(0)=0 such  that

fE)=gw(z)inU.

For f e.4,Siligean has introduced the
following operator called the Sdlagean operator:

D (z)=1(2),
Df(z)=Df (z)=2f (),
D"f(z)=D(D"f (z)), (neN).
Note that
D"f(z)=z +ik”akzk,

(neN,=NU{0}).

Let f €4 . Denote by D*: 4 > A, the

operator defined by:
DY (z)=——=%f(z) (A>-1).
(1-z)

Df (z)=f(2),

It is obvious  that

D'f(z)=zf '(z) and

A AC)

DY @)=

, (5eN,).

Note that D°f(z)=z +ZC(§,k)akzk,
k=2

k+o-1
where C(0,k)= 5 and 0 eNN,.

The operator D°f 1is called the Ruscheweyh
derivative operator'®).

Finally, let P denote the class of functions
of the form p(z)=1+pz +p,z> +--- analytic
in U which satisfy the condition Re{p(z)} > 0.

We recall here the definition of the well-
known generalization of the polylogarithm
function G (n; z) given by

k
z

G(n;z)= “
k"

(neld, z el). 2)

We note that G(-1; z) =z /(1-z)? is Koebe
function. For more about polylogarithms in
theory of univalent functions see Ponnusamy
and Sabapathym and Ponnusamyw .
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We now introduce a function
(G(n; z))"" given by
. z
Gl 2) * G 2N =
A>-1,nel) 3)

and obtain the following linear operator

Dy (2)=(G(n; 2) * £ (2). “4)

Now we find the explicit form of the
function (G (n; z))" . It is well known that for
A >—1we have:

= Z(/Hl)k (e, )
Putting (3) and (5) in (4), we get:
SR @ (k+4A- 1)'
Ly @E) Z k-

Therefore the function (G (n; z))™" has the
following form

o &, (k+A-D,
(G(n; z)) _;k —M(k_l)!z (z €.
For n,A1eN,, we note that
n _ S n (k +l_l)' k
@J(z)_z+;k —M(k_l)!z (z €.
(6)

Note that ®f =D" and D) = D° which are
Salagean and Ruscheweyh derivative operators ,
respectively!™® . It is clear that the operator D’
included two known derivative operators. Also

note that Df (z)=f(z) and
Df (2)=D)f (z)=2f ().

Definition 1: Let K (4(z)) be the class of
functions f* € .4 for which

z(93f (2))
o ™
(n,AeN,;peP;z €U).

Definition 2: Le g(z )= (1+ (1-2a)z)/(1-2),
then K ; (¢) = R () be the class of functions
f €.A4 for which

Df (2) ®)

(n,AeN;0<a<l;z el).

47

Note that K/(¢)=S"(#)were introduced

and studied by Ma and
Minda, Ry (@) =R, (@) were  studied by
Ahuja'"! and R (a)=R, () were studied by

Kadioglu™. Also for different choices of 7,1,

and ¢, we obtain several subclasses of analytic

functions investigated earlier by other authors.
Let 7 denote the subclass of .4 consisting

of the functions that can be expressed in the
form

SE)=z-3la,|z" . ©)
k=2
Finally, we defined the class
M (@)=R} ()T . Note that
M (@)c R} ().
In this paper, we investigate several

inclusion  properties  for  the  classes
K ; (¢(z))associated with the operator .

Some applications involving operator are also
obtained. Also, we derive several interesting
properties of functions belonging to the

M () consisting of analytic and univalent

functions with negative coefficients. Coefficient
inequalities, distortion theorems and result on
integral operators are also given.

THE CLASSES X! (4(z))

To derive our first theorem, we need the
following lemma due to Eenigenburg et al."*),

Lemma 1: Let f,v be complex numbers. Let
¢ Pbe convex univalent in U with
#(0) =1land Re[fd(z)+v]>0, zelU.

Ifp(z)=1+p;z +p,z°+- is analytic in U

with p(0) =1, then

zp ()

P ey

<Pz)=p()<4(z), (z €).

Theorem 1: Let n,A e /Njand ¢ < P . Then
K (@) = K ().

Proof: Let f €K, (¢) and set
zZ(Df )

PO o)

(10)

where p(z) analyticin ¢/ with p(0)=1.
One can easily verify the identity

(D (2)'=(A+ DD, (2)=AD}f (2).-

(an
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By using (11) in (10), we get

©2+1f (Z )
D3 (2)

Taking the logarithmic differentiation on
both sides of (12) and multiplying by z , we
have

ZOLS )L )
D) p)+2

(A+1) =p(z)+4. (12)

(z eU). (13)

Applying Lemma 1 to (13), it follows that
p=<¢, that is f €K;(¢). Therefore, we
complete the proof of Theorem 1.

Corollary 1: Let n,Ae/Njand ¢eP. Then
K (@)K (9).

Theorem 2: Let the function f €K} (¢) and

let ¢ be real number such ¢ >-1, then the
function F defined by

F(z)= C—tlzjz“%f (t)dt (14)
z 0
belongs to the class K}, (¢) .
Proof: Let /' € K}, (¢) . Then
z(D;.F ()
oL FG) <¢(z). 15)
Set
_z(@F ()’
p(z)= 0FG)

From the representation of F(z), it follows
that

z(DUF(z)'=@C+DD,f (z)-cD)F(z).

By using the same technique as in the proof
of Theorem 1, we get

Z(z)n}f(z)) — (Z)+ Zp(Z) .
0 (2) p(z)+c
By applying Lemma 1 we obtain the
required result.

(16)

THE CLASSES A/ ()

First, we provide a sufficient condition for a
function f* analytic in U/ to be in A7 («).

Coefficient estimates:

Theorem 3: Let the function f be defined by
(9) . Then f € AL () if and only if

48

i(k —ak"C(Ak)|a, |<1-a, (17)

k+1-1
where n,4 € N and C(/l,k):[ 1 J

Proof: Assume that the inequality (17) holds
true and |z |=1. Then we obtain

0

> (k —1k"C (A,k ), z*

@y _|_|&
| D @) 2= k"C(Ak)az"
k=2
Z(k -Dk"C(A,k)]a, |
< k=2
l—z k"C(A,k)|a, |
k=2
<l-a.
This show that the values of
M lies in a circle centered at
D (@)
w = lwhose radius 1 whose radius 1-« .

Hence [ satisfies the condition (17).
Conversely, we assume that the function f
defined by (9) is in the class .47 (). Then

: , z —i k"™C (A, )a,z*
Re{z(w(z» }:Re a

D) 2= kC(Ak )z
- (18)
For z e U, we choose values of z on the
real axis so that m is real.
D (2)

Upon clearing the denominator in (18) and
letting z — 1" through real values, we obtain

1= k"'C(A,k)|a, |Za{172k”C(ﬂ.,k)|ak |}

k=2 k=2
which gives (17).

Finally the result is sharp with the extremal
function f given by

o - &
S e T S
(n,AeNy;0<a<lk 22).

(20)

Corollary 2: Let the function / defined by (9)
be in the class A7) (&) . Then we have

-«

a $————— m,AeN;;0<a<l;k 22).
(k —a)k"C(A,k)

2
This equality is attained for the function
f given by (20).
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Distortion theorem:

A distortion property for function f to be in
the class A7) (o) given as follows:

Theorem 4: Let the function f defined by (9)
be in the class A7) (a). Then for |z |=r we
have

)"—1_705}’2 S|f(z)|£r+l_7arz,
Q2-a)2"(A+]) Q2-a)2"(A+1)
(22)
and
l-«a -«

rS\f'(z)\Sr+(

1_(2—0:)2"’1(/14—1) 22— A+

Proof: In view of Theorem 4, we have

0

-«
Sgc— %
k=2 2-a)2"(A+])
Hence

> . -«

<r+ |t < ——= 2
@R+ Dla |t Srem—

s

and
@ Er=2la |rf2r-
k=2

-« 2
Q-a)2"(A+1)

In the same way we have

l-a

. l-a
l—mr <f (z)\Sr+(

—_——F.
2-a)2" (A+1)

This completes the proof of the theorem.
The above bounds are sharp. Equalities are
attended for the following function

l-a N

S &)= o

, oz =1r. (23)

Corollary 3: The disk |z |<1 is mapped onto a
domain that contains the disk

B l-a
Q-a)2"(A+])
The result is sharp with extremal function (23).

lw <1

Proof: The result follows upon letting » — 1 in
(22).

Integral Operator:

Bernardi™ introduced integral operator defined
as follows:

Let f €.4 and ¢ > —1.Then, for z € U

49

z

F(z)=#jt"‘lf(t)dz
z

0
Now we consider our results.

Theorem 5: Let the function f* defined by (9)
be in the class A7 () and let ¢ be real

number such that ¢ >-1, then the function
F defined by

c

F(z):;cl]t“f (t)dt (24)

z
Proof: From the representation of F(z), it
follows that
F(z)=z —2|bk |z*
k=2

1
where | b, :[”
c+k

j |a, |<1. Therefore

i(k -a)k"C(A,k)|b, |

8

k —a)k"cu,m[”,i)ak |

k c+

[Ms

<N (k —a)k"C(Ak)|a, |<1-a.

k

Il
IS}

Since f € A4, () and hence by Theorem 5,
FeM (a).
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