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Some Properties of Certain Subclass of Meromorphically Multivalent
Functions Defined By Linear Operator
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Abstract: Problem statement: By means of the Hadamard product (or convolutiari)near operator
was introduced. This operator was motivated by narthiors namely Srivastava, Swaminathan, Owa
and many others. The operator was indeed needmedte new ideas in the area of geometric function
theory.Approach: The linear operator of meromorphic p-valent funtsiavas proposed and defined.
The preliminary concept of subordination was introed to give sharp proofs for certain sufficient
conditions of the linear operator aforemention®&ksults: Having the operator, subordination
theorems established by using standard concepthmirdination and reduced to well-known results
studied by various authors. The operator was thpgtied for fractional calculus and obtained new
subordination theorentConclusion: Therefore, interesting operators could be obtaindti some
earlier results and standard methods.

Key words: Hypergeometric, meromorphic, hadamard productalimperator

INTRODUCTION 1. ¢ .
(fl Efz):?-i-nz::oamp,pmp.zzn P (3)
Let >, denote the class of meromorphic functions
f(z) normalized by: Let us define the functiog,(a,B3;z) by:
— 1 < + 1 had (G) -
f = + z"P 1 )= & n+l n+1-1
@=—+Za., 1) ¢(ap2) St (B)nﬂlzn (4

which are analytic and p-valent in the punctured un B#0, -1, -2 anda 0C \{¢,pCN)
disk U ={z:0q2<}. For 0<p < p, we denote bﬁ;)(B) i
and Ky(p) the subclasses oF, consisting of all

meromorphic functions which are, respectively, dtar @,(a,3;2) =%2F1 (10 B2
of order 3 and convex of ordef inU. z

The cIassesS;(B), Ke(p) and various other Where:

where f)n is the Pochhammer symbol. We note that:

subclasses af, have been studied rather extensively by o (1) (@), 2

(Aouf, 1993; Aouf and Hossen, 1993; Aouf and LoF (LaBig= ZMZ—,

Srivastava, 1997; Ghanim and Darus, 2009a; 2009b; =0 (B, ™

Joshi and Srivastava, 1999; Kukaehal., 1998; Mogra, ) _ _
1990a: 1990b: Owat al., 1997: Srivastava and Owa, IS the well-known Gaussian hypergeometric function.

1992; Uralegaddi and Somanatha, 198219, 1995). Corresponding to the functiomy(a,B;z) using the
For functions {z) (j = 1,2) defined by: Hadamard product for f(2>,, we define a new linear
operator L(a,B) on>:
—_ 1 < n+p
f@= = + ngoanﬂ)vjz (2) L,(a,P)f (Z) = @, (a,B;2)*f (Z)
H —_ 1 S (G)n+2 +p (5)
we denote the Hadamard product (or convolution) of=_; * 207 a2z
f.(z) and §(z) by: "=9| (B),.,
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The meromorphic functions with the generalized 1L (o, B)9(2)
hypergeometric functions were considered receryly b D{IKL(GHB)Q(Z)}>5’ (0s8<1,21Y) (10)
(Cho and Kim, 2007; Dziok and Srivastava, 2002; '
2003; Liu, 2003; Liu and Srivastava, 2001; 2004a;
2004b). where,y and p are real numbers such thaty< 1, g >

Also for a function f(z)1%,, we define the integral 0 andAlCwith {A}> 0.
operator J, by:

MATERIALSAND METHODS

_V F e To establish our main results we need the

dp= Zv+pIt f(Hdt, v>0 ®)  following lemmas.

0

Lemma A: Let Q be a set in the complex plarigéand

There are many researches (Uralegaddi angkt the functionW:C? _ csatisfy the conditiort(ir»,
Somanatha, 1991; Whittaker and Watson, 1927; Yang, 1+12

1995; 1996) in which the operatqr,dvas investigated. ~SUQ for all realr;,s, == - If q(2) is analytic in U
For a function fIL,(a,B)f(z) we define: with q(0) = 1 and ¥(q(), zq'@@))Q,0U then
0{q(2)}>0, (zOU) (Miller and Mocanu, 1978).
lo(Lp(a,B)f(2)) = Ly(a,B)f(z
olLola.P2)) = Ll B)z) Lemma B: If q(z) is analytic in U with q(0) = 1 and if
AOC Y0} with O{A} > 0 then0{q(z) + Azq'(2)} >V, (O

andfork=1,2,3, ... <y < 1) impliesd{q(z)} > vy (1+) (28-1), whereg is

1 given by:
i} ro1+
Ik(Lp(u,B)f(z)):z(lk L(a B)f(z)) +Tp ) B
1 (a) (7) g=g(0n)=[(1+17) ot
=gt (nep) e, 2 °
" which is increasing function ofl{A} and %SE<1-

We note that (L.(a,B)f(z)) studied by Ghanim The estimate is sharp in the sense that the boamaot

and Darus (2009a; 2009b). be improved (Ponnusamy, 1995).

Also, it follows from (5) that (Liu, 2003): For real or complex numberSa,b,c( ] %J the

, Gauss hypergeometric function is defined by:
z(Lp(a,B)f(z)) =al,(a+1B)f(2)- (o +p)L,(a,B)

R@,By;2)= 1+G—B5+wé+

and y 1 yiy+y 2!

) , We note that the above series converges absolutely
7(I'L, (a.B)f (2) @) for ZOU and hence represents an analytic function in
=al'L, (o +1LB)f(2) - (o +p)IL, (o, B) the unit disc U (Whittaker and Watson, 1927).

Each of the identities (asserted by Lemma C) is
fairly well known (Liu and Srivastava, 2004b;

We denote by, (k, v, 6, Y, A) the class of all Whittaker and Watson, 1927).

functions f(z)JX, such that:

nl- )w W Lemma C_:: | For real or complex parameters
L (0, B)9(2) a,b,cf d g

+){ L (a+1, B)f(z)]{lkL (a, B) (2) J“‘l} oy

1L (o +1,B)g(2) )| 1"L(a.B)g(2)

2 (1-1) 7 (1- ) "t

_r@r(v-s) .
—?y\;zﬁ(a.&v,a

o —r

(11)

where, g(z)1>, satisfies the following condition:
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(O(c)>0(b)>0):

FROBYD=(1- 4 Eay-Bys )

(12)
R@BY:2)=,EBYyY:2)
and
1 .
2Fl(1,1,2;§ )= 2 nz (13)

RESULTS

Theorem 1: Let {02, (k, v, 8, 4, A), adR\{0} and A=0.

Then:

[ ML (a.B)g(2) ) 2ayp +3A
204 + O\

1L (o, B)g(2) (14)

(0sy<1, p>0, ZJU) where the function g(B2,
satisfies the condition (10).

Proof: Let &= 2ay + 5\
204 + O\
q(z) by:

1 L (o, B)f (2)
W z){( apoe) E}

Then q(z) is analytic in U and q(0) = 1. If we:set

and we define the function

(15)

I“L (o, B)g(2)
1L (o +1,B)g9(2)

h(z) =

(16)

then by the hypothesig&l{h(z)} > 0. Differentiating
(14) and using the identity (8), we have:

1L (a, B fz) )
IL (o, B)g(2)
(o +1, B)f(z)( 1L (a, B)f (2) j“'l
(a+LB)g@)| FL(a.B)o(@)

2y

3

IL
IL

=[&+(1-&)q(

Let us define the functioW (r, s) by:

A(1-9)

ap

17)

W(r,s)=&+(1-8) r+

—~
N3
tn

36

Using (17) and the fact thallE, (k, v, 6, 4, A), we
obtain:

[wa@.2d(z) ;0 YoQ={ wiC O(W>y}

1+12
Now for all realr,,s, < Tz ,we have:

(s =6+ 2 ogn(g)

AB(1-E)(1+ r22) <
201 -

_A8(1-8)
20 -

Hence for each [ZU, Y(ir,, §)0Q. Thus by
Lemma A, we havél{q(z)} > 0 and hence:

K H
D(IkL(a,B)f(z)] g
1L (o, B)g(2)
This proves Theorem 1.
Corollary 1: Let the functions f(z) and g(z) be I,

and let g(z) satisfy the condition (10). B0}, A= 1
and:

I (B (2) ,, 1L (a4, B (2)

{(1 ML (oo AlkL(cx+1,B)g(z)}>y (9
0<y<1, 41U. Then:
D{I:L(a+1,B)f(z)}>E:y(20(+6)+6()\—1) (19)

I“L (o +1,B)9(2) 20 + A3

Proof: We have:

1L (o +1,B)f(2)
1L (o +1, B)g(z)

_{(1 )\) ’ “L (o, B)f (2) +)\|:|_ (a+1,B)(2)
L (o,B)g(z) 1L (a +1,B)g(2)
1L (o, B)f (2)
A-1l)———=
+ )IkL(a, B)a(z)

SinceA>1 making use of (18) and (14) (for p = 1),
we deduce that:

D{I"L(a +1,B)f(z)}>€:

1L (a +1,B)9(2)

y(20 +8) +3(A - 1)
20 + A3
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Corollary 2: Let AOC\{O}with O{A} > 0 and Then q(z) is analytic in U with q(0) = 1.

alIR\{O}. If f(z) Y., satisfies the following condition: azfﬁt:fynzgt,"\‘lge ggt;ix‘f“h respect to z and usinge th

D{(l—)\)(zplk L(a,B)f(z))“ (1-2)(Z 1L (a.B)f (@)
+)\(Zp|k|_(a +1,[3)f(z)) quplkL(a,B)f(z))u_l} oy +)\(zp|k|_(a +1, B)f(z))-(zp|k|_(0(,B)f(Z))u—1
- q(z)+ 2242 7\Zd(Z)

(0<y<ip>0,p0 N, 20 Y

then So that by the hypothesis (22), we have:

)\zq’(z)
o{Z1L (o, B)f (2))" >m (20) {q( e }

In view of Lemma B, this implies that:
Further, ifA > 1; dJR{0} and f(z)JX, satisfies

0{(1-2) 2L (a,B)f(2) +A (1L (a +1,B)f(2))} >y Then: O{a(@} >v+(xv)(2-1
Where:
ok (2a+])y+)\— 1
R llC ey (21) 00y
(0sy<1, pdN,Z0 U p=p(0{N})= i[1+t wa ] dt

Proof: The results (20) and (21) follow by putting
g(z):i'D in Theorem 1 and Corollary 1, respectively. Puttingl{A} = A;>0, we have:
z

po

oy
Theorem 2. Let AOC\O}with and aldR\{0}. If p= j[1+t““] dt=EjuM (1+ u)'l du
f(z)OX, satisfies the following condition: Ao

D[(l—)\)(zplkL(a,B)f (z))“ Using (11)-(13), we obtain:

Pl e et e )
>y(0<y<1lp>0,p0 N, 20 U A 2 A2

1 1

Thus the proof of Theorem 2 is complete.

Then:
D{z"l"L(a,B)f(z)}“>y+(1—y)(2p—1) (23) Coyol'lary 3: Let AOO, pu = 1 withA=1. If f(z)O%,
satisfies:
Where:
0{(1-2)(21L(a.B)f(2)) 6)
-1 pa 1 A (1L (a +1,B)F(2))} >
p 225[1,1,D{A} ’2}’ 41U (24) (ZrL(a+1B)f (@)}
Proof: Let: (0sy<1aORY Q. [ N,Z 4, then:
q(z)= (zp |k|_(0(,[3)f(z))u (25) D{(me_(a +1,B)f(z))} >y+(1-y)( *_1)(1_)\-1)
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Where:
1 a .1
== F|11—+1~
P 2“[ A 2]

Proof: The result follows by using the identity:
AZP1*L (a +1,B)f(2)
=[(@-2) (21 L(a,B)f@) +A (1L (a+1B)(@)] (27)
+(A=1)(Z1L(a,B)f(2))
In the following theorem, we shall extend the
above results as follows.

Theorem 3: Suppose that the functions f(z) and g(z)
are inX, and suppose g(z) satisfies the condition (10).
If:

I'L(a+LB)f(z2) 1'L(aB)f(2) | _(1-V)d
D{IKL (a+1B)o@ IkL(a,B)g(Z)} s (28)
(0sy<i1aORYQ,0<8< 1,2 Y, then
1L (o, B)f (2)
D{IKL (o +1, B)g(z)} ~Y (29)
and
D{I"L(a +1,B)f(z)}>(2a+1+6)y—6 (30)
I“L (o +1,B)9(2) 20
Proof: Let:
_ 1 JI(apf(2)_
a(z) (l—y){lkL(or, Bl@) } (31)

Then q(z) is analytic in U with q(0) = 1. Pultting: .

1L (o, B)g(2)

*@)= 1L (a +1,B)g(2)

(32)

We observe that by hypothesis{®(z)} >5, inU.
A simple computation shows that:

(1-y)zd (z3{®} _ FL(a+1p)f(2)

a 1L (a +1,B)g(2)

1L (0 B)f(2) _
IkL (a, B)g(z) - l'p(q(z)qu (Z)

38

W(r,g = (

Where:

1-y)®(2)s

P Ry

Using the hypothesis (28), we obtain:

WY(q(z),zd (z);20 YO Q:{ wiC O V\)>_5(;;V)}

1+ 712

Now, for all realr,,s, < —Tz , we have:

__8-v)(1-g) _ _3(1-y)
- 20 T 20

This shows thatl{W(ir,, §)}0Q for each ZU.

Hence by Lemma A, we havé{q(z)} > 0, zOU. This
proves (32). The proof of (33) follows by using )32
and (33) in the identity:

{I"L (o+1, B)f(z)}
gJ—\= —F/ A7
1L (a +1,B)g(2)
_ {m_ (a+L,B)f(2) 1'L(a, B)f(z)}
=0 -

'L (a +1,B)g(2) 1*L(o,B)9(2)
+D{|k|_(a, B)f(z)}

1L (o, B)g(2)

This completes the proof of Theorem 3.
DISCUSSION

By putting some values in Corollaries 2 and 3 and

Theorem 3 we can obtain the following:

Putting A =1 and a, B > 0 in Corollary 2, we

have IZI{z"IkL(a +1,[3)f(z)[(zka(a,B)f(z))“'l} >y

u > 2&/+ D{)\}
2a+0{\}

For AOCVYO0} with O{A}>0, p=1 anda,
B3>0 in Corollary 2, we have

0{(1-2) 21 L(a.B) @ +A (2L (a +1B) @)} >V,
2ay+0O{\}
2a+0{)\}

z[OU Choosing k = 0 and = 3 = p appropriately in
Corollary 2, we obtain the following results

implies O{z°1*L (a,B)f (2)} , zZOU

(Osy<1) implies O{z°1L(a,B)f(2)} >
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ForA =1,k=0andx =3 = p in Corollary 2, we
have D{fo’((z))(zpf(z))u}>y, (Osy<1, p>0, N)
pr(z

>2Pm*l o
2pu+1’

For AODC\YO0} with O{A}>0, u=1, k=0 and
o = B = p in Corollary 2, we have
{(1 N Zt@)+2 (zp+1f (z))}>y (Osy<1, p>0,

2py + D{ }
2p+0{A}

implies 0{2°f(2)}" >

pON) implies O{z°f(2)} > , zZ0OU

zf' (z)

Replacing f(z) by- in the result (ii), we have

Zp+1 i i
—D{(l—)\) 5 f(z)+p2(z"+2f”(z))}> implies
+1
{Zp f'(z )} LD{}, 20U
p p+|:|{)\}
For AOO with A=21; u=1, k=0 and
o = B = p in Corollary 2, we have

D{(l—)\)z"f(z)+)F\)(z””f’(z))}>y (0sy<1, ZIU)

implies 0{2°f (2)} >%§)\_1

Next by choosing values in Corollary 3 we have

the following remarks:

We note thatih = u >0,a=B=pand k=0in
Corollary 3, that is:

D{(l—)\)(z"f(z))x + (zpf(z))“} >y (33)

Then (20) implies that:

2py+1
2p+1’

0{zt@) > (z0U) (34)

whereas if f(z)2, satisfies the condition (33) then
by using Theorem 2, we have:

0{2(2}" > 2(1-¢(ny+( 2 n2 }

which is better than (34)

We observe that iANOO satisfyingA = 0 and
1L (o +1, B)f(z) 1L (o, B)f (2)
k@)= 1L (a +1,B)g(2) [?\ 1j “L(at,B)g(2) hen

39

from Theorem 1 (for p = 1), we have{k(z)} >%

Implies:

D{IkL(a, [3)f(z)}>
1L (o, B)g(2)

Whenever:

D{ 1L (o, B)g(2)
1L (o +1,B)g(2)

20y +Ad

35
20 +A\d (35)

}>6, 0<6<1
Let A - +oo, then from (35), we havel{k(z)} > 0
implies:

D{I I"L (o, B)f (2)

P s 20U
L(a +1,B)g(z)}

Whenever:

D{I 1L (o, B)g(2)

(a +1,[3)g(z)} >5,(0<6<1,z0 Y

Finally, we have the following:

e« Puttinga=p=p, k=0 andg(z):z—lp in Theorem 3

for all zZOU, we obtain:

p+1

z f’(z)} >—
p

D{z"f(z)+ 3(1-Y)
2p

implies 0{z°f ()} >y and:

{22"f(z)+ f'(z )} M
2p

e Fora=p+t,B=p, k=0 andg(z)zip in
z

Theorem 3 for all @U, we have
1-vy)d
O{z°1"L(p +2,p) f(2)- 2 L(p+ L p f(z >—(7

(Osy<1, (<3< 1), implies O{°1L (p+1,p) f (2} >y
(2(p+1)+8)y-8

2(p+1)

and O{z°1"L (p+2.p) f(2)} >
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CONCLUSION Joshi, S.B. and H.M. Srivastava, 1999. A certamilfia
) ) _ of  meromorphically  multivalent  functions.
The operator defined was motivated by various  comput. Math. Applied, 38: 201-211.
work  studied earlier by the authors (Joshi and  http://direct.bl.uk/bld/PlaceOrder.do?UIN=069758
S”Vastava, 1999, Liu and S”Vastava., 2001, 2004a, 150&ETOC:RN&frOm:searchengine

2004b). This operator can be generalized furthet ankykarni, S.R., U.H. Naik and H.M. Srivastava, 1988.

many other results such as the coefficient estisnainel certain class of meromorphica”y p_va'ent
distortion theorem can be obtained. quasiconvex functions. Pan Am. Math. J., 8: 57-64.
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