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Introduction

This study is motivated by some unsolved problems in
thermodynamics. Heat transfer is regarded as the
transfer of kinetic energy from one particle to another
when they collide. This process is time-reversible: if
the direction of time (or the direction of velocity) is
reversed, then kinetic energy is transferred from the
second particle to the first one. Thus, heat transfer is
considered a deterministic process (when initial
conditions uniquely determine the future and past
positions, velocity and other characteristics), therefore
it follows laws of classical mechanics.

However, this is inconsistent with the fact that heat
transfer at the macroscopic level is not time-reversible:
heat can be transferred from a hot solid to a cold one
but not back. Another example: When hot and cold
liquids are mixed the result is a warm liquid, but the
warm liquid cannot be separated into the hot and cold
liquids. This inconsistency might be resolved if
molecule movement is assumed to follow probabilistic
rather than deterministic laws, because probabilistic
processes are irreversible.

Molecule movement under probabilistic laws is
studied in statistical mechanics (or more generally,
statistical physics). There is extensive research in
equilibrium mathematical statistical mechanics. As Lykov
and Malyshev (2018) write: ”The mathematical
equilibrium statistical physics has only one axiom - Gibbs
distribution, which defines all this science.... And this
only axiom produced fantastic mathematical explosion of
this science around 1950 — 2000.”

Most phenomena in nature, including irreversible
processes, are time-dependent and are the subject of the
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Abstract: In this study model of particle motion on a three-dimensional
lattice is created using discrete random walk with small steps. A probability
space of the particle trajectories is rigorously constructed. Unlike
deterministic approach in classical mechanics, here probabilistic properties
of particle movement are used to formally derive analogues of Newton’s
first and second laws of motion. Similar probabilistic models can potentially
be applied to justify laws of thermodynamics in a consistent manner.
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non-equilibrium  statistical mechanics, where the
axiomatic approach is also expected to be useful. Thus,
one of the aims in the non-equilibrium statistical
mechanics is to introduce few main axioms and based on
these axioms, to construct a theory, which is consistent
with Newton’s laws of motion, and the rest of the classical
mechanics at the macroscopic level.

Research in this direction is being conducted,
including the study of relations between microscopic and
global properties of physical objects in statistical
mechanics. The monograph by Attard (2012) investigates
analogies between dynamic and stationary systems and
generalizes results from the equilibrium statistical
mechanics to the time-dependent systems. Livi and Politi
(2017) cover several modern approaches in non-
equilibrium  statistical physics, in particular non-
equilibrium phase transitions. Lykov and Malyshev
(2018) consider Hamiltonian dynamics of a system of N
particles in n-dimensional real space and prove ergodicity
of this system if at least one particle of the system collides
with external particles at random times. The book of
Ropke (2013) describes several approaches in the modern
nonequilibrium statistical physics, including master
equations, kinetic equations, thermodynamic Green’s
function and linear response theory.

The current paper contributes to this direction of research
by using an axiomatic approach, so that Newton’s mechanics
can be derived from the probabilistic laws of particle
movement. Here a model is created, where a particle moves
randomly in small steps while its long-distance movement
becomes approximately deterministic. A rigorous approach
is used in construction of this model.

© 2022 Farida Kachapova and llias Kachapov. This open access article is distributed under a Creative Commons

Attribution (CC-BY) 4.0 license.
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Probability Space

In this section a probability space (Q, ¥, P) is
constructed. The following concepts from measure theory
will be used; these well-known definitions are taken from
Billingsley (2012).

Definition 2.1.
Suppose Q is a non-empty set and < is a family of

subsets of Q. A is called an algebra over Q if it has the
properties:

(1) @€,
(2) B€E A = B=Q\B € o,
(3) BCeA>BUCE.

Definition 2.2.

Suppose Q is a hon-empty set and ¥ is a family of subsets
of Q. ¥ is called a 6-algebra on Q if it has the properties:

(1) 9pe¥F,
(2) BEF=>B=Q\Be€F,

(3) for any elements B4, By, Bs,... of &, OBn e ¥F.
n=1

2.1. Sample Space and Sigma-Algebra of Events

Definitions 2.3, 2.5, 2.6, 2.10, 2.13 below are created
by the authors as a part of the construction of the
probability space (Q2, F, P).

Definition 2.3.

1) Denote N7 ={0, 1, 2, 3, 4, 5, 6}. The sample space is
chosen as the set Q = (N7)N.

Thus, any element o of Q is an infinite sequence
o = (wo, w1, w2,..) of natural numbers between 0 and 6.
Here wy denotes the k-th element of the sequence w (k =
0, 1, 2, ...). Such a sequence represents trajectory of a
particle on 3-dimensional lattice (details are given in
Section 3).

2) A hyperplane is defined as a set of the form:
Cn,)={weQ:wn=i}

wheren € Nandi € Ny.
For each n € N there are seven distinct hyperplanes:
C(n, 0), C(n, 1), C(n, 2) ,C(n, 3), C(n, 4), C(n, 5), C(n, 6).

Proposition 2.4.

1) Ifi#j, thenC(n, i)NC(n,j)=9
2) ForanyneN:

17

UC(n, j=Q.

3) Complement of any hyperplane C(n, i) is a union of
the other six hyperplanes:

(C(n,i) UC(n i)

j¢l

Proof of the proposition is obvious.
Definition 2.5.

1) Denote ¥Fothe algebra generated by all hyperplanes
C(n, i), where n € N and i € Ny. This means that ¥,

is the least algebra over Q containing all hyperplanes.
Denote ¥ the c-algebra generated by Fo, i.e. the least

o-algebra on Q containing Fo. Elements of & are
called events.

2)

Thus, Q and # have been introduced. To complete the
definition of the probability space (2, &, P), it remains to
construct a probability measure P.

2.2. Constructing Probability Measure on (Q, F)

2.2.1. Planes
Definition 2.6.

A plane is defined as a subset of Q that can be
represented as the following intersection of hyperplanes:

Dlig.iys-iy | =C(0,iy) NC(Li,) N...nC(n,iy),

where n € N and each ix € N7.
In particular, D[i] = C(0, i). For each n € N there are
7"+ planes D[io, i,...,in].

Proposition 2.7.

1) If D[io, i1,...,in] n D[jo, j1,...,jn] * (D, then io= jo, i1=
1,0 In= Jnand Do, i1,...,in] = D[jo, j1s.+-1jn]-

2) If m <nand DJig, i1,...,in] N D[jo, j1,-.-,jm] # @, then ig
=jo, 11= j1,eery im= jmand Do, i1,...,in] € D[jo, j1,e-sjm]-

3) |Ifplanes Dy and D;intersect, then D; € D, or D, < Da.

4) Intersection of two planes is @ or a plane.

Proof

1) Suppose Dlio, i1,...,in] N D[jo, j1,---,jn] # @. Then

{ﬁC(k,ik)}m{ﬁC(k,ik)} )
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and there exists w € Q such that for any k =0, 1, 2,..., n,
ik= k= jk. SO Dlio, i1,...,in] = D[jo, j1,-..,Jn]-

2) Suppose m< n and Dlio, i1,...,in] N D[jo, j1,--sjm] # .
Then

|:nc(k’ik):| ﬁ{ﬂC(k, Jk):| =¢
k=0 k=0
and some o' belongs to this intersection. Then

forany k=0,12,..,m,i =w,k=jk.

o))

Suppose @ € Dlio,i1,..., in]. Then by (1), for any k =0,
1,2,...,m, wx=ik=jk. SO @ € D[jo, jiyees jm]-
This proves Dlio, i1,..., in] € D[jo, j1,.-y Jm]-

3) This follows from parts 1) and 2).
4) This follows from part 3).
Proposition 2.8.

1) Any element A of Fois @ or can be represented as a

finite union of planes.
Any element A of Fois @ or can be represented as a

finite union of pairwise disjoint planes.

2)

Proof

1) By the definition of algebra ¥y its elements are
constructed in the following steps.

[ @ € Fo.

e Any hyperplane C(n,i) € ¥, (n € N, i € Ny).
e |f B € ¥y, then B¢ € Fy.

e |IfB,HeE ¥Fo thenB UH € Fo.

Consider an arbitrary A € ¥,. The statement will be
proven by induction on construction of A.

a) Case A =0 isobvious.
b) Case A=C(n, i). By Proposition 2.4.2)

a={Jcm i)

A=QnNQ..NnANC(N,i)=
AALLEIALL

ntimes

{0 co, jo)}m...r{ U C(n—l,jnl)}m(Cn,l)
- U U [C(O, jo)m...mC(n—l, jnfl)mC(n,i)]

&
Il
o
Il
o

18

is a finite union of planes.

c) First consider a complement of a plane.

by Proposition 2.4.3). It was proven in part b) that any
hyperplane is a finite union of planes. So

@

Now consider the case A = B¢, where B € ¥o. If B =@,

(D[io,...,in])c is a finite union of planes.

6 6
then by Proposition 2.4.2), A=Q=| JC(0,i)= JD[i] is a
i=0 i=0

finite union of planes.
Suppose B # @. Then by the inductive assumption B is
a finite union of planes:

6 6
A=0Q=|Jc(0,i)=DIi]
i=0 i=0
By (2) each D\¢is a finite union of planes:
rk
Dy =D,
1,=0

So:

i h h

A:ﬁU D' ={..lJ(D'L N..ND'L).

k=011=0 =0 1,=0

By Proposition 2.7.4), each Dl'l m...mDI‘l is @ or a
plane. Then A is @ or a finite union of planes.

d) Case A =B U H, where B, H € ¥x.

By the inductive assumption B is a finite union of
planes and so is H. Clearly, this is also true for A.

2) Suppose A # @. Then by part 1), A= LHJDk , Where
k=0

each Dy is a plane. The statement will be proven by
induction on n.
a) Case n =1 is obvious.

n+l

b) Assume the statement holds for n and A=[JD,.

k=0

Denote B =| JD,.By the inductive assumption B can be
k=0

represented as a finite union of pairwise disjoint planes:

8| JD. 3)

So:
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A= LmJD,' uD,,

1=0

(4)

Denote Dl'i ,... D", all the planes from the union (3) that

intersect with Dn.1. (If there are no such planes, then the
statement is proven.)

If D,,cD', forsomei=1,2,.,rthen A=| JD; andthe

1=0
statement is proven.

Otherwise each 0", ¢ » by Proposition 2.7.3) and

+1
each D/ can be removed from the union (4):

m
!

U I:)I o Dn+1;

1=0,

[ES

A

[EQ M

getting a finite union of pairwise disjoint planes.
2.2.2. Defining Poon g
Notation 2.9.
For each n € N fix se\éen non-negative numbers pn(i),
i=0,1,..,6,such that Z]OP,,(!I) =1. These numbers will

be fixed for the rest of the article.
A simple example of such numbers is when all

L1
pn(i) =2
Definition 2.10.

(1) Po(®) = 0.

(1) Po(C(n, 1)) =pn(i) (n €N i€ Ny).

(2) For any plane D[io, i1,...,in] = C(0, io) N C(1, i1) N ...
N C(n, in):

n

By (D[l iy o P, (Ck.iy)

)=

k=0

Lemma 2.11.
If a plane D equals a union of pairwise disjoint planes:

D=JD,,

j=0

(D).

then B (D)=> PR,

k
j=0
Proof
For any plane X its length is defined by the following:

19

if X = D[jo, j1,---, jm], then length(X) = m.

Denote D = Dlig, i1,..., in]. So length(D) = n.
Suppose

D=|JD,. )

K
j=0

Denote M ={D;: j =0,1,... k}. Next the following will
be proven for any X € M:

length(X) > n and

X = Dlio, i1,--wsin, In1y...sim] FOF SOME insy.vey i

(6)

Proof of (6).
Any X € M has the form: X = D[jo, j1,..-,jm]. length(X) = m.

Assume m < n. By (5):

soXND#@.
By Proposition 2.7.2), D[io, ix,..., in] € DI[jo, j1,--., jm], that
is D € X. So X =D and m = n, which contradicts the
assumption m < n. m>n is proven.

Thus, X has the form: X = D[jo, j1,-.-pjn s jn+1,---,jm]. Since
X € D, by Proposition 2.7.1), 2), jo= o, j1 = i1,ey jn = In.
This completes the proof of (6).

Denote g = max{length(X) : X € M}. By (6), g>n. The
equality:

Po (D) :ZPO (Dj) (7)

will be proven by induction on g.

Base step: g = n. In this case any X € M has the form
X = Dlio,i1,..., in] = D. Since elements of M are pairwise
disjoint, D is the only element of M. That makes equality
(7) obvious.

Inductive step. Assume (7) holds for q. Let
max{length(X) : X € M} = g + 1. Denote:

M'={X eM : length(X) < g} and
M" = {X eM: length(X) = q +1}.

Then M =M'U M", M"# @. Denote | =
={(in+1,-.., Ig) : D[io, i1,...,In, In+1,..., ig, I] EM " for some 1}.

Fix (in+1,..., ig) € . Let us prove:
forany | € N7, Dlio, i1,...,in, in+1,..., ig, I] € M".

(8)

By the definition of I, for some lp € N7, X =
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= Dlio, i1,e0sin , Int1yeer, Ig, lo] € M". Without loss of
generality one can assume lp= 6 and prove (8) for I =5
(the general case is similar).

Take @ = (io, i1,..., In, Int1,.-.y i, 5, 0, 0,...). Then w € D.
By (5), € Y forsomeY € M = M'U M". Two cases.

Case 1: Y€ M'. ThenY # X and Y = D[io,..., im], where
n<m<gq.

For ' = (ig, i1, ...y In, Int1, ..y Ig, 6, 0, 0,...) it holds:
'€ X N Y . This contradicts the fact that elements of M
are pairwise disjoint. Case 1 is impossible.

Case 2: Y € M". Since w €Y, it holds:
Y = Dllo, i1,..esin, In+1,..., I, 5], that is
Dlio ,i1,...,in, , 1g, 5] €M". This completes the
proof of (8).

(8) implies the following: M" =

|n+1,...

={Dllo, i1,--sin, int1,eery Igy 1] 3 (in, ine1,..., iq) €7and | € N7}

Since PO(D[iO,il,...,in,lm, St ]) ,
=P0(D[i Y Y PR I]) (C(g+11)

holds:
YR(X)= > ZP( [0,1, T I})
XeM" (,n oo ,)ell 0
R L LR i) 2R (C(a 1))
[P ) 1=0

Since the last sum equals 1, it holds:

> PO(X)_( > | By (Dlligsks iy iy )

XeM” iy i +1,00q )€l

OD[lo,ll, P T I o S Y P 9)

i |,

r{OC(q +1,

1=0

)}—D[io,il

since the union in square brackets equals € by Proposition
2.4.2). This implies:

6
U{X:XGM"} U UD|:071’ ’n’n+1’1’ ’Iq'|:|
(in sns1Loonig el 1=0
= U D[io,ll,...,|n,|n+1,1,...,iq,l]

(y sne1 Lonig )€l
So:
D= JX:XeM}=[fX:XeMPU[ {X: XM}

U

(in spez Leig )€l

XX eMBuU ][ I A R

All sets in these unions are pairwise disjoint and have
lengths < g, so by the inductive assumption and (9):

20

RD=YRX)+ X B (Dfiginivini |)
XeM' in inet g )1
_ZP(X)+Z P(X)_ZP(X) ZP(D)

This completes the proof of the inductive step. ©
Lemma 2.12.

Suppose A € F; is represented as a union of pairwise
disjoint planes in two ways:

A= UD and A= UD

j=0
Then
YR (D)=3R (D).
j=0 k=0

Proof. Clearly each D; € A, so

D, =D, nA=D; nJD;,

:LmJ(Dj D).
k=0

By Proposition 2.7.4), each D; "Dk is @ or a plane;
these planes are pairwise disjoint. Since Po(@) = 0, by
Lemma 2.11 the following holds forany j =0, 1, 2,...,n

R (D')=>_R (D, "D").
j=0 .
Similarly forany k=0,1,2,...,m

P, (D)= ZP (D, "D").

j=0

So:

Definition 2.13.

Function Po: %, — [0,1] is defined by the following.

(1) When A =@ or A is a plane, Po(A) has been defined
in Definition 2.10.

(2) By Proposition 2.8.2), any non-empty A € % can be

m
represented as A=UDJ-, where D;j are pairwise
j=0

disjoint planes. Po(A) is defined by:
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P, (A)= 3R, (D).

Due to Lemma 2.12, this definition is valid.
Lemma 2.14.

For any m € N and distinct ng, ns,..., Nnm € N:

ﬁpo (Cn,.iy).

k=0

R [ﬁ PO(C(n,, ikj =

Proof

The lemma will be proven for this particular case:
R, (CLk)nc@B,D)=PR (C@LK)).R (CBI

The general case is proven similarly. By Proposition
2.4.2), it holds:

CALK)NCEBN=QNCALK)NQNC(@3I)
{OC(O o}mca k)m{UC(Z j):|ﬁC(3 1)
-Uul

C(0,i)NCELk)NC(2,j)nCB 1] = U D[i.k, j,1]

i,j=0
So

P, (CLK)NC@3 )= 26: P, (DIi.k, j,1))

i,j=0

26: R, (C(0,i).R, (C(LK)).R, (C(2,]).R, (R, (CB,)

i, j=

{ZGZPO (c0,i)

o

i=0

} (C@K)) {ZP C(ZJ)} (CLk).R (C@I)

j=0

since each sum in square brackets equals 1 by the
definition of Po.

2.2.3. Defining P on &

A pre-measure Po on algebra %, over Q has been

constructed. By Hahn—Kolmogorov extension theorem
(see for example, Tao (2011)), Pocan be extended from
Fo to probability measure P on #. That means:

(Q, ¥, P) is a probability space,
and for any A € %, Po(A) = P(A).

Lemma 2.14 implies the following corollary.
Corollary 2.15.

For any m € N and distinct ng, ni,..., Nnm € N:

21

PUﬁcmwhg:fﬁP«iju)

Motion of a Particle in Discrete Time and
Space

Next two sections are devoted to derivation of
analogues of two Newton’s laws of motion from
probabilistic characteristics of particle movement.

3.1. Analogue of Variance for a Random Vector
Some preliminary concepts are introduced here.
Notation 3.1.

For arandom 3-dimensional vector X = (X1, Xz, X3) denote
Tr(X) = Var (Xy) + Var (Xo) + Var (X3).

Thus, Tr(X) is the trace of the covariance matrix Cov(X).
Lemma 3.2.

Tr(X) = E[(X - E(X), X - E(X))], the expectation of the
inner product of X - E(X) by itself.
Proof

3

(X —E(X), X ~E(X)) =Y (X, —~E(XD))",50

i=1

E[(X —E(X),X —E(X))] :i,E[(Xi ~EX)]
:iVar

i=1

(X, )=Trx

3.2. Random Walk on a Lattice: Definitions
Notation 3.3.

1) Fix areal parameter z > 0. z is interpreted as a unit of
time. When r — 0, time becomes continuous.
Fix a real number ¢ > 0 and denote ¢ = cr.

Consider a 3-dimensional lattice:

2)
3)

AR {(8|1, ely, 8|3) i P Y S Z}.

When 7 — 0, then ¢ — 0 and this lattice becomes the
continuous 3-dimensional space R®.

4) The following vectors of the standard basis in R3will
be used:

e1=(1,0,0),e2=(0,1,0)ande3=(0, 0, 1).
5) Fix the following 7 vectors:

* 5(0)=(0,0,0);
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o 5(1)==cer; (2)=eey;
S(4) = —¢e1; S(5)=—¢eey;

s(3) = se3;
S(6) = —¢ea.

The vectors s(1), s(2), s(3) represent steps in the
directions es, e, e, respectively, and the vectors s(4), s(5),
s(6) represent steps in the opposite directions.

Lemma 3.4.

Suppose a random vector X has a discrete distribution
with values s(0), s(1),..., S(6). Then Tr(X) < &2
Proof. Denote M = E(X). Then

P(x=5(1) (10

3

(X,M):iMi -X;and E(X,M)=>"E(M;X;)

=§§Ms )P(x =s(1))
:gM,is, P(X = j)):ZMi M,
by (10). So:
E(X,M) = (M,M). (11)

By Lemma 3.2), Tr(X) = E[(X - M, X - M)] = E(X,
X) - 2 E(X, M) + (M, M), since M is a constant vector.
So by (11):

Tr(X) =E(X,X) = (M,M).

To complete the proof, it is sufficient to show:
E(X, X) <&

E(X?)= 35 (1)P(X =s(1)) = £ ()

P(X =5(1)+5:(4)P(X =5(4)
=&’P(X = (1))+g P(X =s(4))
bythedefinitionof s(j), j=0,1,2,...,6.

E(X?)=¢’[P(X =s(1))+P(X =5(4))]. (12)
Similarly:

E(XZ)=&"[P(X =5(2))+P(X =5(5))]. (13)
E(XZ)=&[P(X =5(3))+P(X =5(6))]. (14)

Adding (12) - (14) produces the following:

E(x,x):gE(xf)zgzgp(x =s(j))<é’.

Definitions 3.5 and 3.7 below are created by the authors
as a part of the construction of models of particle movement.

Definition 3.5.

1) 3-dimensional random vectors S, on (Q, ¥
defined by the following:

, P) are

Sn (w) = s(wn), Ne N.

2) A particle walk is defined as the sequence Ro, R,
R2, Rs, ... of random vectors given by:

R,() =5(0)=(0,0,0) for anywe O,
forn>LR =S, +S +..+S_,

Thus, Ro, R1, Rz, Rs, ... is a random walk on the
probability space (Q, ¥, P). R is interpreted as the
position of the particle at time nz. Sy is called a step of the
particle walk; it is interpreted as displacement of the particle
over the time interval [nz, (n +1)7].

The particle walk R, R1, R, R3, ... models movement
of a particle on the lattice ¢ Z3: at each moment »z in time
the particle rests or moves randomly in one of the 6
directions: * e1, * €;, + es. For each w € Q the sequence
(Ro(w), Ri(w), Ra(w), ...) represents a possible path
(trajectory) of the particle.

Proposition 3.6.

1) P(Sn=5()) = pn(j) foranyn € N, j € N7.
2) The random vectors Sy, Si, Sz, Ss, ... are independent.

The first part of this proposition means: pn(1), pn(2),
pn(3) are the probabilities that at time nr the particle
moves by one step in the directions es, ez, es, respectively
and pn(4), pn(5), pn(6) are the same probabilities for the
directions — e1, — ez, — €a.

pn(0) is the probability that at time nz the particle rests.

Proof.

{Sn=5()} ={w € Q: S(wn) =s()} = {0 €Q: @r=]} =
=C(n,j). Thus,

{s,=s(i)}=C(n,j). (15)

1) P(Sn=s(i)) = P(C(n,j)) = pa(j) by the definition of
probability P.

2) Foranyk>1, jo,ji,.., jx € N7 and distinct ny, ny,...,
N € N:

={0eQ iy = jjmoy = j}=C(n.J) N.nC(ny, i)
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So:
=p(c(n.i.)N..NC(n,. )

=P(C(n ) P(C(m b)) =P(S, =5(i)) (S, =s (i)}

The proof used Corollary 2.15 and (15).
Definition 3.7.

E(Sn).

1) Velocity of the particle at time nzisv(n)=
T

2) Acceleration of the particle at time nz is

a(n)= v(n+1)-v(n)

T
This definition is used for acceleration, because
acceleration is the change of velocity over unit of time.

Lemma 3.8:

3

0-53n

=1

i+ S)J

Proof
Use Proposition 3.6.1) to get:

s
_T,Z‘;:ilgs(j)pn(n
:32: P (i)e —?Zi: P, (i +3)e;
zgg[pn(u) p.(i+3)]e,

Motion with Constant Velocity

This section states an axiom about probabilities of
particle motion under zero resultant force; then an
analogue of Newton’s first law of motion is derived.

Axiom 1. For any n € N, if no force acts on the particle
during time [nz, (n + 1)z], then pn+a(j) = pn(j) for any j € N7.

In other words, this axiom states that with no force
acting on the particle the probabilities of its movement in
each direction stay constant.

Instead of Axiom 1 its weaker form - Axiom 1* will
be used.

Axiom 1*. For any n € N, if the resultant force on the
particle during time interval [nz, (n+1)z] equals zero, then
Pr+1(i) — pr+1(i+3) = pa(i) — pn(i+3) for each i € {1,2,3}.
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This axiom refers to a zero resultant force, because it
is well-known that motion under zero resultant force is the
same as under no force. Clearly, Axiom 1* follows from
Axiom 1. Due to Lemma 3.8, Axiom 1* implies that with
zero resultant force the particle’s velocity is constant
during the interval.

Theorem 4.1.

Suppose the resultant force on the particle over time
interval [0, Nt] equals zero (N € N). Then the following hold:
1) The particle moves with constant velocity during the
time interval [0, Nz], that is the velocity v = v(n) is
the same for all n <N.

2) Foranyn<N:

E(Rn) = nzv.
3) Suppose N — oo in such a way that Nz = Const (so the
time interval [0, N7] is fixed). Then

Tr(Ry) — 0.

This is interpretation of Theorem 4.1: when no force
acts on the particle during a large time interval, then:

e the particle’s motion follows approximately the
Newton’s first law of motion during this time
interval: the motion is uniform and is along a straight
line (parts 1) and 2) of the theorem);

e the deviation from this law gets very small as the time
unit = approaches zero, i.e. time becomes continuous

(part 3) of the theorem). The time unit 7= Cc:\:'St .50

7—0asN — oo.
Proof

1) BylLemma3.8, v( §Z3:[
T

i=1

+3)Je

Denote aj=pn(i) — pn(i + 3). By Axiom 1*, a; does not
depend on n € [O,N] forany i € {1,2, 3}. So

is the same for all n < N.

v(n)=

3
— 86
=1

2) Suppose n < N. By the definition of velocity, E(Sy)
=wv(n) =tvbypart1). Ry=So+ S+ ... + Sp-1, SO

E(R.)=

AN

n-

E( ) er—nrv

s
o

3) Suppose N — o in such a way that Nt = C, where C is
a constant.
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By Lemma 3.4, Tr(S,) < & for any n € N. By
Proposition 3.6.2), the random vectors Sy, Si, Ss,... are
independent. So

Since ¢=cr= % it holds that:

—0asN —» o

2 2
Tr(R )gNgng < =(CC)
" N N

Accelerated Motion

This section considers motion of the particle under a
non-zero force.

Proposition 5.1. (Recurrence relation).
Motion of the particle under any force satisfies the
following recurrence relation:

E(R,2)= 2E(R,.)-E(R,) +7'a(n)

This is an analogue of the approximate formula for
acceleration:

r(t+z)-2r(t)+r(t-r)

’
T2

where r(t) is the position function; this formula is easily
derived using Taylor’s formula.

Proof
By the definitions of velocity and Ry it holds:

v(n +1):£[E(Rn+2)—E(RM)J.

T

Subtracting these equalities produces the following:

a(n) :%[v(n +1)-v(n)] :V—lz[E(Rn+2)—2E(Rn+l)+ E(R, )]

And:
E(R,..)—2E(R,,)+E(R,)=7"a(n).

Next results are derived from the following axiom
about probabilities of the particle movement.
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Axiom 2. Let F(n) = (F1(n), F2(n), F3(n)) be a resultant
force acting on the particle at time nz and let each Fi(n) be
a difference of two forces:

()= 1,()f,(i+3)

where the force f,(i) acts in the direction of ejand fu(i + 3)
- in the opposite direction. Assume that there is a constant
y>0such thatforany j=1,2,3,4,5 6andn<N:

Poa (1) = P (1) =71, ().

Axiom 2 means that during each time unit the change
in the probability of moving in direction j is proportional
to the force acting in this direction. In short: changes in
motion probabilities are proportional to the forces acting
on the particle.

Theorem 5.2.

The resultant force acting on the particle is proportional
to its acceleration, i.e. there is a constant £ > 0 such that
forany n <N:

F(n) = pa(n). (16)
This theorem is a weaker analogue of Newton’s
second law of motion: F = ma. From (16) one can define

the mass of the particle as the coefficient of
proportionality £.

Proof
Foranyn <Nandi € {1, 2, 3} by Axiom 2 it holds:

F ()=, ()=, (1+3)=
[pM(i)—pn(iﬂ—;[pm(wa— p.(i+3)]
=§[pm<i>— pMo+3>J—§[pn<i>pn<i+3>].

So

by Lemma 3.8 and the definition of acceleration a(n).
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Thus, F(n) = pa(n), where g= L >0.

&y
Proposition 5.3. (Motion under constant forces).

Suppose in each direction the acting force is constant,
that is forany j=1, 2, ..., 6, f(j) = fa(j) does not depend
on n (n < N). Then there exist constant vectors a and b
such that for any n <N:

A7)

E(Rn)zgn(nT_leHbJ

Proposition 5.3 means that when the particle moves under
constant forces, its trajectory is approximately a parabola in
3-D. This is because (17) is a parametric equation of a
parabola (with quadratic function of time #z).

Proof
By Axiom 2 it holds:

Poa(i) = 0o (i) +7f(J). (18)

Denote

o ai=y[f(i) — f(i + 3)], bi= po(i) — po(i + 3),
e a=(a1,az as), b=(by, b2,bs).

The following formula will be proven by induction
onn:

P, (i) —p.(i+ 3) =an+h. (19)

If n =0, then the formula obviously holds.
Assume it holds for n. By (18),

P (i) = Ppua(i+3)

= [P(i)+ 71 ()]

A, (i+3)+yf(i+3)]

=p,(i)=p, (i+3)+y[ f(i)-f(i+3)]

= (an+b) +a=a(n+ 1) +b

by the inductive assumption. This completes the proof of
(19).
By Lemma 3.8 and (19):

(20)
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E(R,)=E(S;)+E(S, )+..+E(S,,)-

By (20) the first coordinate of E(Sy) is E(Sn)1= ¢(ain + by),
so the first coordinate of E(R,) equals:
E(Rn)1 = eb1+ & (ar+by) + & (2arthy) +. . .+ ¢ [ar(n—1)+by]

=¢[nbi+a(1+2+...+(n-1))] and

E(Rn)lzgn[n?_la1 +b1} (21)

Similarly, for the second and third coordinates of
E(R») it holds:

E(R,), =gn(nT_1a2 +sz

(22)

E(Rn)gz‘sn(nT_la3 +b3j (23)

Combining (21) - (23) produces
E(R,)= gn(nT_leHb]

Conclusion

To summarize the contribution of this paper: here the
authors use a rigorous approach to construct a probability
space for trajectories of a particle on three-dimensional
lattice and they create a model of particle motion as a
random walk on this probability space. Based on two natural
assumptions about probabilistic characteristics of particle
movement, they derive analogues of Newton’s first and
second laws of motion, as well as other related facts. While
in previous research these Newton’s laws were considered
axioms, in this paper they are derived from axioms about
particle movement. This probabilistic approach is more
appropriate for non-equilibrium mechanics. It should
simplify derivation of ergodic properties of many-particle
systems and potentially lead to derivation of other classical
properties of time-dependent systems.

As described in the Introduction, a similar approach
can be applied to resolve some inconsistencies in
thermodynamics theory. Next step in this direction of
research is generalizing the probabilistic model
developed in this paper to many-particle systems. The
aim is to use such a model to formally derive laws of
thermodynamics in a consistent way.
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