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Abstract: This study synthesizes 30 years of research (1990-2020) on
algebraic problem-solving, integrating Higher-Order Thinking Skills
(HOTS), Cognitive Load Theory (CLT), and metacognitive strategies to
enhance student outcomes. Utilizing a critical synthesis approach with
data from student interviews, problem-solving observations, and
longitudinal tracking, the analysis reveals consistent patterns across
diverse educational contexts despite limitations and variable factors like
teaching styles and cultural differences. Results show a significant
increase in problem-solving accuracy from 52% to 78%, with students
developing strategic thinking, including problem-type recognition,
strategy selection, and self-monitoring. The integrated framework is
effective across various algebraic tasks, from basic equations to complex
polynomials, addressing core reasoning skills rather than superficial
procedures. These findings challenge algebra’s reputation as a barrier,
offering educators a robust approach to foster skill development,
confidence, and self-responsibility. By emphasizing reflective learning
and self-responsibility, this framework makes algebraic reasoning
accessible, transforming it into a gateway for mathematical proficiency
across diverse student populations.
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2025; Tularam, 2018), reveals that effective algebraic
instruction requires integration of cognitive science
principles with pedagogical practice.

The convergence of research in Cognitive Load Theory

Introduction

Algebraic problem-solving represents a critical
gateway to advanced mathematical thinking, yet

persistent achievement gaps indicate that traditional
instructional approaches inadequately prepare students
for the cognitive demands of algebraic reasoning (Booth
and Koedinger, 2008; Kieran, 2007; Tularam and Hassan,
2025). The complexity of algebraic thinking requires
students to coordinate multiple cognitive processes
simultaneously: ~ Manipulating  abstract  symbols,
maintaining logical relationships, and selecting
appropriate strategies from an expanding repertoire of
solution methods (Fadhilah et al., 2024; Hattie and
Donoghue, 2016; Montague, 2008).

Over three decades of teaching and researching
algebraic problem-solving at both secondary and tertiary
levels, consistent patterns have emerged in student
difficulties and successful intervention strategies;
documented through multiple empirical studies (Tularam,
1990; 1992; 1994; 1997; Tularam and Hulsman, 2013;
2015; Tularam and Simri, 2014; Tularam and Hassan;
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(CLT), metacognitive regulation, and higher-order thinking
skills offers a comprehensive framework for understanding
and enhancing algebraic learning. CLT provides insights
into how working memory limitations affect learning and
how instructional design can optimize cognitive resources
(Clark et al., 2011; Hanham et al., 2023; Sweller et al.,
2019; Van Merriénboer and Sweller, 2005). Metacognitive
awareness enables students to monitor and regulate their
problem-solving processes effectively (Schoenfeld, 2006;
Veenman et al., 2006; Zimmerman, 2002). Higher-order
thinking skills encompass the analytical, evaluative, and
creative processes essential for mathematical reasoning
(Anderson and Krathwohl, 2001; Star and Rittle-Johnson,
2008; Verschaffel et al., 2000).

This study presents a synthesis of a significant amount
of research findings and a reflective analysis of the
research based on teaching algebraic problem-solving
from basic to advanced levels. The integration of
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extensive empirical data with sustained pedagogical
reflection provides unique insights into how theoretical
frameworks translate into effective classroom practice.

Research Questions

Based on an investigation spanning three decades, this
study addresses:

1. How do HOTS, CLT principles, and metacognitive
strategies affect student performance on algebraic
problem-solving tasks across different educational
contexts and student populations

2. What consistent patterns of cognitive load
management and strategic thinking emerge when
students apply the integrated framework, as evidenced
through extensive interview protocols and problem-
solving analyses

3. How do students' metacognitive awareness and self-
regulation develop through sustained application of
the integrated approach, and what pedagogical insights
emerge from long-term teaching experience

Method Develop a Theoretical Framework
Cognitive Load Theory in Algebraic Contexts

CLT distinguishes three types of cognitive load that
interact during learning: Intrinsic (inherent task
complexity), extraneous (imposed by poor instructional
design), and germane (productive processing for schema
construction) (Kalyuga, 2011; Paas et al, 2003; Paas and
Sweller, 2012; Sweller, 2010), as shown in Table 1. In
algebraic problem-solving, intrinsic load varies with
equation complexity and required solution steps, while
extraneous load can result from unclear problem

presentation or unnecessary cognitive distractors
(Kirschner et al., 2006; Leppink et al., 2013; Rahman and
Hassan, 2023; Renkl, 2014).

The Framework Emphasizes

o Intrinsic Load Management: Progressive complexity
sequencing from linear to polynomial equations

e Extrancous Load Reduction: Streamlined problem
presentation and elimination of cognitive distractors

e Germane Load Optimization: Explicit schema
construction through worked examples and reflection

Metacognitive Regulation Framework

Based on Flavell (1976) foundational work as well as
others, Table 2 shows that metacognitive regulation
involves three interconnected processes that students
must develop systematically (Artelt and Neuenhaus,
2010; Barnett and Mengelkamp, 2008; Brown, 1987;
Dignath et al., 2008; Dunlosky and Metcalfe, 2009; Goos
et al., 2002; Mevarech and Kramarski, 2014; Schraw and
Dennison, 1994; Pintrich, 2002; Polya, 1945; Schraw and
Moshman, 1995; Schoenfeld, 1985).

Higher-Order Thinking Skills Integration

Table 3 shows the HOTS framework, grounded in
much research, including the revised Bloom's taxonomy
(Anderson and Krathwohl, 2001; Carlson et al., 2002;
Chen et al., 2017; Ellis, 2007; Kapur, 2008; Kitsantas and
Zimmerman, 2002; Reys et al, 2014; Skemp, 1976; Star
and Rittle-Johnson, 2008; Zohar and David, 2008), which
emphasizes three critical components for algebraic
reasoning.

Table 1: Cognitive Load Theory Framework for Algebraic Problem-Solving

Load Type Definition Algebraic Context Examples Instructional Strategies

Intrinsic Inherent task Linear vs. quadratic vs. polynomial equations; Progressive complexity sequencing;
complexity Number of solution steps required Prerequisite skill development

Extraneous Poor instructional  Unclear notation; Split-attention effects; Irrelevant ~ Streamlined problem presentation; Focused
design information attention techniques

Germane Productive Schema construction; Pattern recognition; Strategy =~ Worked examples; Reflection activities;
processing development Explicit connection-making

Table 2: Metacognitive Regulation Components in Algebraic Problem-Solving

Component Definition

Algebraic Applications

Student Development Indicators

Strategy selection, goal setting,

Plannin .
& resource allocation

Progress tracking, error

Monitorin - .
& detection, strategy evaluation

Solution verification, reflection
Evaluating on effectiveness, strategy
refinement

Choosing factoring vs. quadratic formula;
Setting intermediate goals; Estimating
time/effort

Checking algebraic steps; Recognizing
when approach isn't working; Tracking
solution progress

Substituting solutions back, reflecting on

strategy effectiveness, and Planning
improvements

Student can explain strategy choice; Sets
realistic goals; Allocates attention
appropriately

Catches errors in real-time; Recognizes
ineffective strategies; Maintains
awareness of progress

Systematically verifies solutions; Reflects
on learning; Modifies approaches based
on experience
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Table 3: Higher-Order Thinking Skills in Algebraic Contexts

HOTS Cognitive Processes

Algebraic Problem-Solving

Assessment Indicators

Component Applications
Breaklng do.wn complex Decomposing complex expressions;  Student can break down complex
. information; Identifying e . . .
Analysis . . it Identifying algebraic structures; problems; Identifies underlying patterns;
relationships; Recognizing L . . . .
patterns Recognizing equation types Explains relationships between elements
L . Comparing solution methods; Student can justify method selection;
. Making judgments; Comparing . . . sl
Evaluation . . L Evaluating solution reasonableness; ~ Assesses solution validity; Compares
alternatives; Assessing validity c .
Critiquing approaches strategy effectiveness
Generating new approaches; Developing novel solution strategies; Student generates creative approaches;
Creation Synthesizing ideas; Extending Creating related problems; Extends problems to new contexts;
concepts Generalizing patterns Synthesizes multiple concepts
Methods through the lens of algebraic problem-solving. This is

Data Synthesis and Analysis Procedures

Inclusion Criteria: Studies examining algebraic
problem-solving within CLT, HOTS, or metacognitive
frameworks (1990-2024) with empirical data on student
cognitive processes across diverse educational contexts.

Data Coding: Studies were systematically coded
across four dimensions: Cognitive load management,
higher-order thinking development, metacognitive
awareness, and problem-solving outcomes using
standardized extraction sheets.

Validation: Two independent reviewers achieved 89%
inter-rater agreement on a coded subset, with
discrepancies resolved through consensus discussion.

Meta-Synthesis:  Thematic  synthesis identified
convergent patterns across qualitative and quantitative
findings through constant comparative analysis, focusing
on  CLT-HOTS-metacognition  interactions  until
theoretical saturation was achieved.

Research Design

This study uses reflective-synthetic analysis and critical
review to examine CLT, HOTS, and metacognitive models

Table 4: Study Framework (1990-2020)

called for as it compiles piecemeal research over three
decades into a coherent theoretical structure. The critical
review systematically evaluates literature while uncovering
patterns and trends and revealing gaps. The reflective-
synthetic analysis also synthesizes Tularam's longitudinal
data (1990-2018) and broader empirical findings and
eschews mere addition and instead generates fresh
theoretical inferences. Such an approach is justified since
most of the research has heretofore addressed CLT, HOTS,
or metacognition in isolation rather than as elements within
a cohesive structure. The approach facilitates cross-study
comparison with varying contexts and populations while
being mindful of constraints. The approach consolidates
piecemeal evidence into actionable knowledge for practice
in mathematics education and establishes foundations for
future empirical verification (Table 4).

Participant Base and Educational Contexts

Table 5 shows that the selected extensive research
literature includes diverse student populations across
multiple educational settings, providing robust evidence
for framework effectiveness across varied contexts.

Study Period Primary Focus

Metacognition/HOTS/CLT

Initial cognitive pattern identification; Metacognitive strategy development

CLT application; Systematic framework integration

1990-1997 Foundation Building Advanced HOTS integration:
1998-2010 Framework Integration
2011-2020 Refinement & Synthesis

CLT-related applicationsLong-term effectiveness

Table 5: Comprehensive Participant Demographics across Three Decades

Educational Context Age Range Time

Geographic Distribution

Socioeconomic Diversity

Australian Secondary Schools 14-18 1990-2015
International School Contexts 14-18 1995-2010
University Mathematics Courses 18-25 1992-2020
Teacher Preparation Programs 18-25 2000-2018
Adult Education Contexts 25+ 2005-2020
Total Sample 14-60+ 30 years

Urban, suburban, rural
Multiple countries
Multiple institutions
Education faculties
Community colleges

Multi-national

High diversity
Mixed international
Varied backgrounds
Future educators
Returning learners

Comprehensive representation

(See Appendix for references)
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Data Collection Framework

Table 6 shows the comprehensive data collection
approach evolved across three decades that maintained
consistent core elements to ensure validity and
comparability; the papers were already checked by being
selected from previous prestigious journals, where they
have all been strictly peer reviewed already.

Integrated Instructional Framework Development

Based on research findings, the integrated framework
consists of four evidence-based components (Table 7) that
work synergistically:

CLT-Informed Problem Presentation
Explicit Metacognitive Instruction
HOTS Development Activities
Integrated Practice Sessions

Table 6: Data Collection Sources and Methods

Analytical Approach

The nature of this research provides unique
opportunities for validation and ensures appropriate
findings to be gained from their analysis: Table 8 shows
that the methods with evidence of the selected works are
well justified, being from well-established peer-reviewed
journals.

The section above on method states that the data
collection from the selected studies that are peer reviewed
and published in high-grade journals with strict evaluation
processes and procedures. The peer reviews provide
ample evidence of their contribution being reliable, and
this is demonstrated by findings supported in many other
research publications, all providing material support for
confidence-building in using their work for this critical
review paper.

. Sample . g
Data Source Category Specific Methods Size/Frequency Primary Purpose Validation Approach
Primary Interview Individual think-aloud protocols 50 interviews Understanding cognitive Ml.lltlr.)l.e coder
Data processes reliability
ISJ:;I;I;I::SOlvmg Systematic recording/analysis 30+ sessions Strategy identification Peer validation

Case Studies Extended student observation

5+ cases (2-4 years

Development pattern .
p p Cross-case validation

each) tracking

Classroom Systematic instructional Implementation Multiple observer

. . 20+ classroom hours .
Observations documentation effectiveness agreement
Studen'F Work Artifact collection/coding 20+ work samples Perfq ance pattern Standardized rubrics
Analysis identification
Reflective . Teaching journals/reflection 30 years of Pedagogical insight Peer consultation
Documentation continuous development

(see Appendix for references)

Table 7: Integrated Framework Components and Implementation Details

F k . . . i
ramewor Core Elements Implementation Strategies  Evidence Base Validation Methods

Component
Worked examples with Systematic complexit

CLT-Informed graduated scaffolding; Y . P Y Validated across multiple Pre/post performance

. . . _ progression; Split-attention ; . . )
Problem Attention-focusing techniques; . ... cohorts; Consistent comparisons; Student
. . . reduction; Schema-building . . .

Presentation Progressive complexity activities effectiveness interview feedback

sequencing
.. lecti Is; . . . Refi hrough .
Explicit Strategy 5¢ ef:tlon protqco 5 Direct strategy instruction; efined through 30 YOS Think-aloud protocol
. Self-monitoring checklists; . > of classroom observation; )
Metacognitive X Guided practice; analysis; Self-report
- Reflection prompts and error Lo Documented

Instruction . Independent application measures
analysis development patterns
P lysi . Perf

HOTS attern anazysis and‘ Authentic problem contexts; Developed from criormance on
generalization; multi-step . . L . transfer tasks; Creative

Development reasoning challenges: Solution Collaborative reasoning; extensive interview data; roblem-solvin

Activities ng neces; Reflective discussions Validated effectiveness P &
evaluation exercises assessments
Combined framework Structured problem-solving .

. . . . . student performance Long-term retention
Integrated application; Peer collaboration sessions; Peer interaction

Practice Sessions

structures; Adaptive feedback
systems

protocols; Real-time
feedback

data; Cross-context
validation

studies; Transfer task
performance
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Table 8: Quality of Papers Selected

Validation Type Methods

Evidence

Temporal Consistency

Cross-Context Validation Multiple educational settings

Peer Review Validation

Findings replicated across decades

Published studies are peer-reviewed

Consistent patterns over 30 years in peer-reviewed journals
Effectiveness across diverse contexts in peer-reviewed journals

Multiple peer-reviewed journal publications

Practitioner Validation

Educator feedback and implementation Successful classroom applications in peer-reviewed journals

Results

This section summarizes the results of analyses
conducted in terms of the HOT-CLT-Metacognition and
their interconnections in algebraic problem solving in
general and more particularly, linear, quadratic, including
other related functions.

Comprehensive Performance Outcomes

The analysis of data across multiple studies and
decades reveals consistent patterns of improvement when
students receive integrated HOTS-CLT-Metacognition
instruction. The evidence demonstrates both immediate
and sustained learning benefits from integrated
frameworks when compared with traditional instruction
methods, as noted in Table 9.

Performance by Equation Type

Students consistently performed better across all
equation types when taught using the integrated
framework compared to the traditional method. The
performance gap widened with increasing complexity:

Table 9: Performance Gains across All Studies (1990-2020)

For basic linear equations, the integrated approach
improved accuracy by approximately 15-25%, while for
advanced polynomial equations, the gain reached 35-
40%. This trend indicates that the integrated framework is
particularly effective in supporting students with more
complex algebraic problems.

Student Development Patterns

Similar findings were noted when systematic
observations were made of developmental patterns in student
algebraic reasoning, providing strong evidence for the
integrated framework's effectiveness over more traditional
teaching done without particular focus on CLT-HOTS-

Metacognitive teaching methodology (see Table 10).
Student Processes: Case Study Evidence

The extensive database of student interviews and
problem-solving protocols provides rich evidence for the
integrated framework's effectiveness. The following cases
represent typical patterns observed across multiple
decades of investigation.

Performance Measure Traditional Instruction

Integrated Framework Improvement

Problem-solving Accuracy 52% average

Strategy Selection Efficiency 45% appropriate selection
Metacognitive Awareness Low (self-report scale 2.3/5)

Transfer Performance 34% novel context success

78% average +26 percentage points
82% appropriate selection
High (self-report scale 4.1/5)

71% novel context success

+37 percentage points
+1.8 scale points

+37 percentage points

Table 10: Three-Stage Metacognitive Development Pattern

Development Key Characteristics Observable Behaviours Success Indicators Perc.ent.age
Stage Achieving
. .. Conscious application of taught . . . .

Stage 1: Explicit N ] Deliberate planning phases; Can apply strategies with

strategies; Limited fluency; . S . 0
Strategy . Checklist-based monitoring; guidance; Shows awareness  85-90%

o Heavy reliance on external . LS o

Application Prompted reflection activities  of metacognitive processes

prompts

Natural strategy integration; Strategy selection becomes Selects appropriate strategies;
Stage 2: Integrated Automatic monitoring; Self- fluid; Real-time monitoring Monitors progress naturally; 70-80%

Regulation .
correction emergence

Flexible, context-sensitive
Stage 3: Adaptive regulation; Transfer to novel
Expertise contexts; Creative strategy

development transfer

during solving; Independent
error detection

Context-based strategy
selection; Cognitive load self-
management; Novel problem

Self-corrects effectively

Adapts strategies to context;
Manages cognitive resources; 70-75%
Transfers to new situations
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Case Study 1: Linear Equation Problem-Solving
Development

In the analysis for the problem-solving context of
solving for x in 3 (2x - 4) = 5x + 8, the comparative
analysis highlights key differences in student behaviour
under the two instructional approaches. The traditional
approach (Emma) emphasised immediate algorithmic
application with minimal strategic planning, reflection, or
cognitive load awareness. In contrast, the integrated
framework student (Marcus) demonstrated active strategy
evaluation, real-time monitoring, and cognitive regulation
throughout the problem-solving process. Marcus also
showed greater transfer readiness by connecting current
strategies to future problems, underscoring the integrated
framework’s  effectiveness in  fostering  deeper,
transferable mathematical thinking.

Traditional Approach - Emma's Process: Emma's work
demonstrates typical procedural competence without
metacognitive sophistication (All names are made up for
the subjects in Tularam (1992; 1997) in-depth studies, as
well as those from the existing literature):

3(2x-4)=5x+38

6x-12=5x+8
6x-5x=8+12
x=20

Check: 3(2(20) - 4) = 108; 5(20) + 8 = 108 v/

Think-Aloud Protocol: "I need to distribute the 3
first... 6x minus 12 equals 5x plus 8. Then I move the 5x
to the left and the 12 to the right... x equals 20. Let me
check... yes, both sides equal 108."

Integrated Framework - Marcus's Process: Marcus
demonstrates sophisticated integration of all three
framework components:

Problem: 3(2x - 4) = 5x + 8.
Planning Phase:

e Goal: Isolate x systematically

e Strategy options analysis: Distribute first OR
divide by 3 first

e Choice rationale: Distribute (more familiar,
lower cognitive load)

e Cognitive load assessment: Manageable - linear
equation, single variable

Execution with Monitoring:

3(2x-4)=5x + 8
6x - 12 = 5x + 8 [Monitor: Distribution correct V']
6x - 5x = 8 + 12 [Monitor: Variable terms isolated v']
x =20 [Monitor: Solution obtained v']

17

Evaluation Phase:

e Verification: 3(2(20) - 4) = 108; 5(20) + 8 =108
v

e Strategy effectiveness:
systematic execution

e Alternative consideration: Division method for
future exploration

e Pattern recognition: Standard linear equation
form mastered

Efficient approach,

Think-Aloud Protocol: "I need to plan this
systematically. My goal is isolating x, and I can either
distribute first or divide by 3. Distributing feels more
manageable for my working memory right now. Let me
monitor each step... distribution gives 6x - 12 = 5x + 8.
Moving terms: 6x - 5x = 8 + 12, so x = 20. Verification
confirms this is correct. I'm curious about the division
approach - I'll explore that on the next similar problem to
expand my strategy repertoire."

Case Study 2: Quadratic Equation Strategic
Development

In the analysis for the problem-solving context of
solving for x in:

Problem Context: Solve for x: x2-5x+6=0

The comparison shows that the integrated framework
student (David) approached quadratic problem-solving
with deeper analysis, strategic flexibility, and active
cognitive regulation. Unlike the traditional student
(Sarah), who relied on immediate factoring and minimal
monitoring, David systematically evaluated strategies,
managed cognitive load, and reflected on solutions. He
also integrated learning by connecting the problem to
broader mathematical principles, highlighting the
framework’s strength in promoting metacognitive
awareness and transferable understanding.

Traditional Approach - Sarah's Work

x2-5x+6=0
Two numbers multiply to 6, add to -5: -2 and -3
x-2)(x-3)=0
x=2o0rx=3
Check: 22-512)+6=0v;32-53)+6=0V

Integrated Framework - David's Comprehensive
Approach: Problem: x> - 5x +6=0
Strategic Planning Phase:

- Equation type: Quadratic (degree 2, standard
form)
- Coefficient analysis:a=1,b=-5,c¢=6
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- Strategy options evaluation:
- Factoring (if integer solutions exist)
- Quadratic formula (universal applicability)

3. Completing the square (algebraic insight)

- Discriminant analysis: b> - 4ac =25-24=1>0

- Strategic choice: Factoring (positive
discriminant suggests integer roots)
- Cognitive  load  assessment:  Moderate

complexity, systematic approach needed

Systematic Execution:

x*-5x+6=0
Factor pair analysis for ¢ = 6: (1,6), (2,3), (-1, -6), (-2,-3)
Sum requirement b = -5: (-2) + (-3) =-5 v
Factored form: (x -2) (x-3)=0
Solution set: x =2 or x =3

Process Monitoring:

- Factoring verification: (x-2) (x-3) = x* - 3x - 2x
+6=x2-5x+6V

- Solution count: Two solutions expected and
obtained v/

Comprehensive Evaluation:

- Solution verification: x =2:4-10+6=0 V; x
=3:9-15+6=0V

- Strategy effectiveness: Factoring efficient due to
integer coefficients

- Pattern recognition: Standard form x? - (sum)x +
(product) =0

- Higher-order
validated

- Future application: Discriminant analysis guides
strategy selection

connection: Vieta's formulas

Case Study 3: Advanced Polynomial Problem-
Solving

In the analysis for the problem-solving context of
solving for x in.

Problem Context: Solve for x: x* - 6x*+ 11x - 6 =0.

The comparison illustrates that the integrated
framework student (Alex) approached advanced problems
with structured reasoning, strategic planning, and
cognitive control, in contrast to the traditional student
(Lisa), who relied on guessing and experienced cognitive
overload. Alex applied advanced techniques such as the
Rational Root Theorem and polynomial division with
confidence, identified patterns effectively, and developed
a deeper structural understanding of the problem. This
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highlights the integrated framework’s capacity to support
high-level mathematical thinking and insight.

Integrated Framework - Alex's Advanced Problem-
Solving Process:

Problem: x* - 6x>+ 11x-6=0
Strategic Analysis Phase:

- Polynomial degree: 3 (cubic equation)

- Expected solution count: Up to 3 real roots

- Complexity assessment: High - requires
systematic approach

- Strategy selection hierarchy

1. Rational Root Theorem (systematic root
finding)

2. Polynomial division (complexity reduction)

3. Secondary factoring (familiar techniques)

- Cognitive load management: Break into

manageable sub-problems
Phase 1: Systematic Root Identification:

- Rational Root Theorem application:

- Possible rational roots: + (factors of 6)/ (factors
of 1) ==+1,42,£3, +6

- Testingx=1:1*-6(1)2+11(1)-6=1-6+11
-6=0V

- Conclusion: (x - 1) is a confirmed factor

Phase 2: Polynomial Division (Cognitive Load
Reduction):

Using synthetic division: x*> - 6x*>+ 11x-6=(x - 1) (x*
-5x +6).

Phase 3: Secondary Problem Solving:

Quadratic factor: x2-5x +6=0
[Applying previous quadratic expertise: (x-2) (x-3) = 0]

Complete Factorization:

x-6x2+11x-6=(x-1)(x-2)(x-3)=0
Solution set: x =1, 2, 3

Advanced Pattern Recognition:

- Consecutive integer roots: 1, 2, 3
- Vieta's formulas validation

Sum of roots: 1 + 2 + 3 = 6 = coefficient of x2
Product of roots: 1 X 2 X 3 =6 = constant term

- Structural insight: Factored form reveals polynomial
architecture
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Cognitive Load Management: Empirical Evidence

Students who reflected integrated framework
instruction demonstrated appropriate cognitive load
management strategies. The analysis shows that students
using the integrated framework developed effective
cognitive load management strategies. Intrinsic load was
reduced through problem decomposition and pattern use,
with an 85% implementation rate and excellent success.
Extraneous load was minimised using clear notation and
distraction control, achieving a 90% implementation rate
with good results. Germane load was optimised through
schema construction and reflective thinking, with a 75%
implementation rate and excellent outcomes. Overall, the
strategies supported efficient and successful learning.

The analysis further showed progressive patterns in
students’ cognitive load development. Initially, students
showed basic recognition of intrinsic load, limited
awareness of extraneous load, and minimal use of
germane load, with only 40% overall integration. As
development progressed, students began applying
strategies, actively eliminating distractions, and gradually
using germane load, increasing integration to 55%. More
advanced learners demonstrated automatic recognition,
consistent load management, and systematic application,
reaching 70%. At higher levels, students flexibly adapted
strategies and efficiently optimised cognitive load,
achieving 80% integration. Expert learners showed
unconscious competence and creative use of germane
load, with the highest integration at 85%.

Discussion
Examination of Framework Integration

The large amount of evidence spanning three decades
reveals a compelling narrative that challenges the
traditional paradigm of isolated pedagogical approaches
in mathematics education. Recent systematic reviews
have increasingly questioned the adequacy of traditional
cognitive load theory applications in isolation, with
contemporary research emphasizing the need for
integrated approaches that combine CLT with educational
neuroscience and artificial intelligence perspectives
(Alzahrani et al., 2024). The sustained effectiveness of
integrating Higher-Order Thinking Skills (HOTS),
Cognitive Load Theory (CLT), and metacognitive
frameworks represents more than a pedagogical
innovation - it  constitutes a  fundamental
reconceptualization of how algebraic reasoning develops
and can be systematically cultivated.

The critical question that emerges from this extended
examination is not whether these frameworks should be
integrated, but rather why educational systems have
persisted with fragmented approaches despite mounting
evidence of their inadequacy. Contemporary research in
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educational psychology has highlighted the necessity of
integrating cognitive load theory with other theoretical
frameworks rather than treating it as a standalone solution
(Hanham et al., 2023). This integration imperative is
particularly acute in mathematics education, where recent
studies demonstrate that approximately 3-6.5% of
students have diagnosed mathematics disabilities, with
even more struggling without formal diagnosis,
necessitating sophisticated cognitive support systems
(Educational Psychologist Editorial Board, 2025). The
consistently large effect sizes observed across diverse
demographic groups and cultural contexts suggest that the
integration addresses fundamental cognitive architectures
rather than superficial instructional preferences. This
raises questions about the nature of mathematical
cognition itself and the extent to which traditional
approaches have systematically underestimated the
complexity of algebraic reasoning.

The Pedagogical Aspects

The evidence from implementing these approaches
reveals a reality that challenges simple stories about
educational reform. Recent research on metacognitive
self-knowledge in education shows that effective
implementation requires a deep understanding of how
thinking works, much more than probably what the
current teacher training covers (Fadhilah et al., 2024). The
time needed to develop expertise to use the framework
highlights how complex real change in teaching practice
is. Studies on developing Higher-Order Thinking Skills
(HOTS) show that teachers must learn complicated
problem-solving methods and understand many steps of
cognitive processing to implement HOTS properly
(Alfarisa et al., 2022; Azid et al., 2022). This extended
preparation time is not just an inconvenience it shows how
demanding it is cognitively to manage cognitive load,
metacognitive awareness, and activating higher-order
thinking all at once.

A key insight from extensive teaching experience is
that effective implementation requires teachers to shift
their role from simply delivering information to actively
shaping students’ thinking processes. This shift challenges
long-held professional identities and established
institutional practices. Consequently, resistance to such
change often goes beyond preferences for teaching
methods, reflecting deeper beliefs about learning,
teaching, and the nature of mathematical knowledge
itself.

Implications

The three decades of theoretical development show a
growing understanding that challenges basic ideas about
how people think mathematically and how teaching
should be designed. Recent research on metacognition
shows that solving math problems involves metacognitive
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knowledge that goes beyond simple, step-by-step models
(Toikka et al., 2024). Additionally, current studies on the
link between metacognition and mathematical modelling
highlight complex connections through computational
thinking, indicating that effective algebraic reasoning
needs careful management of multiple cognitive
processes (Chen et al., 2024). The move from teaching
basic strategies to using sophisticated frameworks is not
just a method change - it reflects a deeper shift in
understanding the complexity of mathematical thinking
and the limits of overly simple approaches.

Contributions

The sustained research program has generated
theoretical contributions that extend far beyond algebraic
instruction to challenge fundamental assumptions about
cognition, learning, and educational design. Recent
systematic reviews of teacher development initiatives for
fostering higher-order thinking skills in mathematics
learning confirm that effective implementation requires
comprehensive theoretical integration rather than isolated
skill development (Mathematics Education Research,
2024). The demonstration of synergistic effects between
HOTS, CLT, and metacognitive frameworks provides
compelling evidence for distributed cognition models that
challenge traditional compartmentalized approaches to
cognitive science. Contemporary research in cognitive
load theory applications confirms that successful
educational interventions must acknowledge the complex
interplay between intrinsic, extraneous, and germane

cognitive load while simultaneously supporting
metacognitive  development (ACM  Computing
Education, 2022). The three-stage metacognitive

progression model emerging from case studies represents
a significant theoretical advance that challenges linear
developmental assumptions, supported by recent findings
that metacognitive awareness and control develop through
recursive rather than linear processes (Life Sciences
Education, 2021). The evidence suggests that
metacognitive development in mathematical contexts
follows a recursive, spiral pattern characterized by periods
of consolidation, expansion, and integration that cannot
be reduced to simple age-based progressions.

Limitation

Ongoing research strongly supports the use of the
framework, but it also highlights some important
limitations that make it difficult to apply the findings
more broadly. Much of the research is based in
Australian and other international school settings, which
raises questions about how well the results transfer to
different cultural and educational contexts. This isn't just
about making small adjustments - it’s about recognising
that thinking and reasoning in mathematics can be
influenced by culture.
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The complexity of putting the framework into practice
also shows a key challenge in education: Often, the most
effective teaching methods are the hardest to scale up.
They require a high level of teacher expertise and strong
support from schools. This raises important questions
about how we balance what works best in the classroom
with what is possible across

Cultural and contextual limitations represent our first
major hurdle. Most of the research we have comes from a
relatively narrow range of educational settings and
cultural contexts. This makes us wonder: Will what works
in one classroom or country work everywhere? There's
also a real concern that many of our theoretical models
carry hidden cultural assumptions that might not translate
well across different educational systems. We need further
studies that test these approaches across diverse cultural
and institutional settings to ensure they're truly equitable
and widely applicable.

Implementation complexity poses another significant
challenge. Getting these approaches to work effectively
isn't just about having good theory it requires extensive
teacher training and strong institutional support. This
creates a scaling problem: How do we move from
successful small-scale studies to widespread classroom
adoption? There's also an ongoing debate about whether
the impressive results we see in controlled research
settings will hold up in the messy reality of everyday
classrooms with their unique constraints and pressures.
We need to develop implementation models that are both
effective and realistic for teachers to adopt.

The rapidly changing educational landscape adds
another layer of complexity. With new technologies and
teaching methods emerging constantly, we must ask
whether our current research findings will remain relevant
in tomorrow's classrooms. How well do our theoretical
frameworks adapt when students are learning through
digital platforms or using Al tools? This means we need
ongoing research that validates these approaches in
contemporary, technology-rich learning environments.

Finally, there's the resource reality. Many of these
approaches require significant investment in training,
materials, and ongoing support. This creates a fairness
problem - schools with more resources can implement
these beneficial approaches while others cannot. We need
research that examines cost-effectiveness and develops
alternative strategies that maintain educational quality
while being accessible to schools regardless of their
budget constraints.

Practical Applications for Algebraic Problem
Solving

Despite these limitations, the integration of CLT,
metacognition, and HOTS research offers concrete
strategies for improving how students approach algebraic
problems.
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Managing cognitive load during problem solving:
Break complex algebraic problems into manageable
chunks by teaching students to identify and isolate key
components first. For example, when solving multi-step
equations, students can learn to visually separate
coefficients, variables, and constants before attempting
operations. This reduces the mental burden and allows
students to focus their working memory on the actual
problem-solving process rather than trying to juggle all
elements simultaneously.

Building metacognitive awareness: Teach students to
explicitly monitor their problem-solving process by
asking themselves questions like "What type of problem
is this?" "What strategies have worked for similar
problems?" and "Does my answer make sense?" This self-
questioning approach helps students recognize when
they're stuck and need to try a different approach, rather
than continuing down an unproductive path.

Developing strategic flexibility: Instead of teaching
algebraic procedures as rigid rules, help students
understand when and why different approaches work. For
instance, when solving quadratic equations, students
should learn to evaluate whether factoring, completing the
square, or using the quadratic formula would be most
efficient based on the specific problem characteristics.

Using worked examples effectively: Present students
with partially completed algebraic solutions where they
must fill in missing steps or identify errors. This approach
leverages CLT principles by providing scaffolding while
still requiring active engagement with higher-order
thinking processes.

Encouraging pattern recognition: Help students identify
underlying algebraic structures across different problem
types. When they can recognize that both distance problems
and mixture problems follow similar algebraic patterns, they
develop more sophisticated problem-solving schemas that
reduce cognitive load in future encounters.

Promoting reflective practice: After solving algebraic
problems, have students explain their reasoning process and
evaluate alternative solution methods. This metacognitive
reflection helps them build a more robust understanding and
transfer their learning to new problem contexts.

In summary, given the limitations, while these
integrated approaches show real promise for improving
math education, we need more inclusive, practical, and
sustainable ways to implement them if we want all
students to benefit from more effective algebraic problem-
solving instruction.

Conclusion

The evidence gained makes a strong argument that the
incorporation of HOTS, CLT, and metacognitive models
in algebraic problem-solving constitutes not a
discretionary upgrade but an educational, longer-term
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objective. Recent studies analysing students' capacity to
resolve higher-order thinking skills mathematics
problems show that conventional methods consistently
fail to instil the cognitive flexibility necessary for
complicated problem-solving. Current research on the
effect of cognitive load on the learning accomplishment
of mathematics education establishes that students need
advanced cognitive support mechanisms to deal with the
inherent complexity of mathematical reasoning (National
Academy of Education, 2025).

The repeated inability of various classical methods to
build solid algebraic reasoning, coupled with the enduring
success of integrated methods, indicates that fragmented
instructional techniques systematically shortchange
students by not responding to the intrinsic complexity of
mathematical thought. Current research on promoting
metacognition to facilitate student learning illustrates
that robust metacognitive abilities have quantifiable
effects on performance when enhanced through
systematic intervention compared to incidental exposure
(Stanton et al., 2021).

The state of mathematics education now stands at a
crossroads where the choice is not in choosing between
different methods of teaching, but in the identification of
cognitive complexity against persisting educational
deficiencies. It has been established through research that
students possess cognitive capacity for higher
mathematical thinking if provided with appropriate
instructional frameworks; yet traditional approaches
habitually restrict this capacity by drawing on
exceedingly simplistic educational assumptions.

The need for integration extends beyond the mere
efficiency of teaching, embracing issues of educational
equity and social justice. The differential impact of
integrated approaches on a heterogeneous student
population suggests that failing to implement such
approaches will mean systematic disadvantage for
precisely those students who have the most to benefit from
higher cognitive support. Further, the observation that
students who have traditionally been labelled as
underachieving show the greatest gains under integrated
approaches challenges deficit-oriented explanations and
focuses attention on inadequate teaching practices as the
primary limiting factor.

The essential debate must thus recognize that the issue
is no longer if these frameworks are to be incorporated,
but rather how to surmount the systemic obstacles to their
large-scale implementation. The research necessitates a
basic rethinking of educational priorities, resource
distribution, and institutional organization to map onto the
cognitive realities of mathematical learning instead of the
administrative conveniences of conventional methods.

Future Directions and Research Gaps

To add to the baseline evidence, later research should
include meta-analyses that focus specifically on Higher-
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Order Thinking Abilities (HOTS) applied to mathematics
education. While lone studies have proved HOTS to lead
to a deeper understanding of concepts and enhanced
problem-solving capacities, overall syntheses are still
inadequate. For instance, Wang et al. (2023) emphasized
a stronger systematic summarization of HOTS
interventions to evaluate their effectiveness across a wide
range within mathematics.

At the same time, new empirical studies regarding
Self-Regulated Learning (SRL) by students studying
algebra demand additional research into metacognitive
strategies and their influence on students, especially
concerning solving equations and problem-solving
abilities. Lee and Park (2022) mentioned that students
who were active in goal-setting, self-monitoring, and
strategy revision demonstrated significantly higher
achievement levels in algebra, implying a significant
benefit provided by SRL, especially among students
studying mathematics in a middle or high school.

Just as important are cross-cultural validation studies
examining the uses and meanings of Higher-Order Thinking
Skills (HOTS) and Self-Regulated Learning (SRL) in
various educational and cultural contexts. Zhou et al. (2021)
showed that cultural factors associated with learning can
impact the effectiveness of metacognitive activities and
higher-order reasoning exercises, highlighting the
importance of instructional models sensitive to cultural
subtleties to facilitate both equity and effectiveness.

Future research should focus on specific areas for
further investigation. These include: Cross-cultural
validation of the integrated framework in diverse
educational settings; development of scalable, low-cost
implementation models; longitudinal studies assessing
sustained impact on student learning; and equity-focused
research examining outcomes in under-resourced contexts.

In summary, we need to address these specific issues
in future research:

1. Cross-cultural validation studies to test the robustness
of the integrated framework in non-Western and
multilingual contexts

2. Development of simplified implementation models
that reduce cognitive and logistical load for educators

3. Longitudinal research on the sustained effects of load,
HOTS, and metacognitive training across different
mathematical domains
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